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PREFACE 



Kathematics is such a vast and rapidly expanding field of study that 
there are inevitably many iiqportant and fascinating aspects of the subject 
which, though vithin the grasp of secondary school students, do not find a 
plaire in the curricula siaply because of a lack of time. 

Memy classes and individual students, however, may find ttcte to pursue 
mathematical topics of special interest to them. This series of pamphlets, 
whose production is sponsored by the School Mat' ematics Study Group, is 
designed to make material for such study readily accessible in classroom 
quantity. 

Some of the pamphlets deal with material found in the regular curric- 
ulum but in a more extensive or intensive manner or from a novel point of 
view. Others deal with topics not usually found at all in the standard 
curriculum. It is hoped that these pamphlets will find use in classrooms 
in at least two ways. Some of the pamphlets produced could be used to 
extend the work done by a class with a regular textbook but others could 
be used profitably when teachers want to experin^nt with a treatment of a 
topic different from the l,reatment in the regular text of the class. In 
all cases, the pamphlets are designed to promote the enjoyment of studying 
mathematics. 

Prepared under the supervision of the Panel on Supplementary Publications 
of the School Mathematics Study Group t 

Professor R. D. Anderson, Louisiana State University 

Mr. IL Philbrick Brldgess, Roxbury Latin School, Westwood, Massachu'^etts 
Professor Jean M. Calloway, Kalamazoo College, Kalamazoo, Michigan 
Mr. RoT^ald J. Clark, St* Paulas School, Concord, New HamiL3hire 
Professor Roy Dubisch, University of Washington, Seattle, Washington 
Mr. Tbooas J. Hill, (Stlahoaa City Public Schools, C&lahoma City, Okla. 
Mr. Karl S. Kalman, Lincoln High School, Philadelphia, Pennsylvania 
Professor Augusta L. Schurrer, Iowa State Teachers College, Cfedar Falls 
Mr. Henry W. Syer, Kent School, Kent, Connecticut 



HINCTIONS 

This pamphlet is essentially Chapter 1 and Section 9 
of Chapter k of the SMSG text, Elementary Functions . A fev 
minor changes have been made for clarity and to make the 
material ^elf contained. Some background material on sets 
and a section on functions as sets of ordered pairs have 
been added. 

It is intended for use as a unit in any course following 
a course in plane geometry and one-and-a-half or two years 
of algebra. 

Tiie material contained herein is basic to an under- 
standing of the trigonometry of real numbers and the calcu- 
lus as well as many other parts of mathematics. 
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FUNCTIONS 

!• Sets. 

One of the most natiirai arid familiar ideas of human experience is that of 
thinking about and identifylr;g a collection of objects by iiieans of a single 
wrd. Examples of such words are faisily, team, flock, herd, deck (of cards), 
collection, and so forth. We shall use the word set when talking Lbout such a 
collection, and ve shall restrict ouriieives to sets that are clearly enough 
defined so that there is no possible ambiguity about their members. In other 
words, a set is a collection uf object;:, described in such a way that there is 
no doubt as to whether a particular object does or does not belong to the set. 

Ai5 an illustration, think of the collection of books, pencils, tablets, 
etc,, that is in your desk- You can easily tell whether or not a particular 
object belongs to this set: if an object is in your deck, then it is a member, 
or element , of this set; if an object is not in your desk, then ifii: not an 
element of this set. It is important to understand that it does not matter 
wliat objects are in your desk; to be an element of this particular set, tiic 
only requirement is that axi object be in your desk and not somewhere else. 

We have at our disposal two methods for describing a ^et : (l) the tabula- 
tion method, in which we list or tabulate every element of u set, and (q) the 
raxe method, in which we describe the elements of a set hy zome verbal or 
s;y'mbollc statement witLout actually listing the element::, Tliiz latter method 
wa^ used in the preceding paragraph when we defiried a set by specifyin,^; that it 
contaitied all tiie objects in your desk. Other illustrations of the rale method 
1^ ' uefinir:ig a set are the following: the cet of all boys and girU- who attend 
your school tl.c .:ct of people who live in your home, the ;:et of books in your 
school library, or tlio -L-t of ^-olori; your mother is goin^: to une in redecora- 
ting her kitchen. 

Althougli the rule method lor def^ii^ng a set will be used predoiuir.antly , 
tliere are cases in which the only feasible way to define a set is by LuMAially 
tabulating its elements* This may be because the elements of a sot arc not 
required to b.avc anytiilng in cornrion except membership in the set. It Ir. tnn: 
that moL-.t, if not ail, of tiiC sets we shall be talking about will consi::;t oi" 
things which are naturally asnenibled together, as, for cxarple, the set ul* 
whole numbers. Nonetheless, a set may consist of things whicbi have r o obvious 
relation except tliut they happen to be gi-uuped together, Junt as the set ol* 
objects which a nl rio-year-old boy calls his '^treasure'' n;ay concls. of a yo-yo, 
an Indian^b.oad pf^rin.S , a ball made of packed tinfoil, a l-^-I leotloti ol" inHlob, 
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boolut, & dried grasshopper, a pocket knife, and a pack of bajseball cards. Per- 
haps such an exnmple viil help to clarifi' the idea that a set is a collection 
of things, not necessarily alike in any other respect, and that aemhership in 
the set is to be teaphai^ized* 

The notation which is custuaarily used when definite a set, whether by the 
tabulation method or the rule method, will be illustrated by another example. 
Consider the question: Wliat is the set of all coins in your pocket at this 
moment? {The answer in this case might be the set with no elements—the empty 
setl) Suppose that you have three pennies, two nickels, a dime, and a quarter 
in your pocket, the pennies and nickels being distinguished by different dates. 
The set called for by the rule is the collection of these seven coins and no 
otheri3* Using the tabulation method, we symbolize this by writing: 

S - {1915 penny, 1937 penny, 1959 penny, 19^2 nickel, 
1950 nickel, dime, quarter}. 

Capital S is the name for the set, and the names of the elements of the set 
are enclosed in the braces. The order in which the elements are listed within 
the braces does not matter. Alternatively, we may denote this same set by 
enclosing the rule in braces: 

S = {*: « is a coin in your pocket}. 

Biis is read, "S is the set of all * such that * is a coin in your pocket." 
The colon following the first * is a symbol for the phrase ^'such that", and 
the symbol * stands for any iinspecified element of the set. We could Just as 
well have u^ed c, or x, or $, so that S - {c: c is a coin in your pocket] 
is still the set of coins in your pocket. The symbolism {* : ♦ is 
often called the "set-builder'* notation. 

In summary, we have illustrated two alternative ways for defining any 
particular set: (l) the tabulation method, and (2) the rule or set-builder 
method. As emphasized earlier, each of these methods has the essential charac- 
teristic that every object may be classified as either belonging to the set or 
not belonging to the set. In seme cases either method can be used, as we did 
in describing the set of coins in your pocket. In other situations only one of 
the two methods may be practical. 

To indicate membership in a set we use the Qreek letter € (epsilon), 
Thus, if a is an element of the set A, we write a e A. (This may be read, 
"a is an element of the set A," or "a is a member of the set A," or "a 
belongs to the set A," etc.) Likewise, we may wish to indicate that b is 
not an element of A. In this cane we use epsilon with a diagonal line dravn 
through it, indicating negation, and write b ^ A. 

. 8 
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At tbi« point it afty be helpful to review the id^us *ad sysjbolisa of set think- 
ing by Mftna of examples of sets vtiose elements are nuaerical. Both the rule 
aethod and the tabulation sethod will be used in defining the sets. 

D « {d: d is an integer and 0 < d < 9) 

» (0, 1, 2, 3, 4, 5, 6, 7, 8, 9). 
E " {e: e is an even integer and e c D) 

« {0, 2, 4, 6, 8}. 
M * {a: a is a positive integral multiple of 3 and m < 20] 

- (3, 6, 9, 12, 15, 183. 
5 is an element of the set D: 5 € D. 
5 is not an eiec«nt of the set E: 5 ^ E. 
P « {x: X is a positive integer) 

= Cl, 2, 3, ^9 5f •••}. The dots here signify that ve do not stop 
at 5 but keep on going indefinitely. A set such as this vith 
ail unlimited number of elements is called an infinite set, 
whereas sets D, and M, above, are finite sets* 
2 is an element of the set P: 2 € P. 
^ is „ot an element of the set P: ^ ^ P. 

Exercises 1 

1. Use both the tabulation method and the rule method to specify the follov- 
ing sets: 

(a) the vowels; 

(b) the prime numbers less than 20; 

(c) the people who live in your house; 

(d) the odd multiples of three vhich oi'e equal to or less than 21; 

(e) the two-digit numbers, the sum of whose digits is 8. 

2. Represent the following sets by the rule method and tell why the' tabula- 
tion method may be difficult or impossible; 

(a) the set of ctudents in your school; 

(b) the integers greater than 7; 

(c) the people in your community who found a ten-dollar bill yesterday; 

(d) the bookB in your school libi^ary; 

(e) the rational numbers between 2 and 3. 

3* Find a rule which will define the sets whose elementr. are tabulated in 

each of the following: 

(a) A - (2, 6, 8, 10}; 

(b) B = 1-3, -2, -1, 0, 1; 2, 3)1 
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(c) C « {1, 9, 16, 25}; 

(d) D . (2, 5, 8, li, Ik, n); 

(e) E * {123, 132, 213, 231, 312, 321]. 



2. Definition of Function , 

One of the moat uael\il and universal concepts in mathematics is that of a 
f^m^tion, end this pamphlet, as its title indicates, will be devoted to the 
study of functions. 

We lYequently hear people say, "One function of the Itolice Department ia 
to prevent crime," or ''Several of my friends attended a social function last 
night," or autonuDbiie failed to function when I tried to use itJ' In 
inathematics we use the vord '4\mction" soasewhat differently^ than ve do in 
ordinary conversation; as you }uave probably learned in your previous stud^^, we 
use it to denote a certain kind of association or correspondence between the 
members of two sets. 

We find examples of such association on every side. For instance, ve note 
such an association between the number of feet a moving object travels and the 
difference in ciocK readin^^s at two separate points in its Journey; between the 
length of a steel beam and its temperature; between the price of eggs and the 
cost of making a cake. Additional examples of such associations occur in 
geometry, where, for instance, we have the area or the circumference of a 
circle associated with the length of its radius. 

In ail of these examples^ regardless of their nature^ there seems to be 
the natural idea of a direct connection of the elements of one set to those of 
another; the set cf distances to the set of times, the set of lengths to the 
set of thermometer readings, etc. It seems natural, therefore, to abstract 
from these vs ' ^\xr. cases this idea of association or correspondence and examine 
it more i-locoly. 

Let us start with L-.ome very simple examples. Suppose we tai^.e the nun^bers 
1* ^, 3, and U, and with each of them associate the number twice as large: 
with 1 we associate L\ with 2 we associate with j we associate 6, 
and with k we associate 8. An association such as this Is called a IVnciionj 
and the set {1, 2, j, k] with which we started is called the domain of the 
function. We can represent this association more briefly if we use arrows 
instead of words: i ^ p, i,, 3^6, h^S. There are, of course, many 
other l\inctions with the same domalnj for example, 1 r 3 ^-*5. 

It happens that these two examples deal with numbers, but there are many 
functions which do not. A map, for instance, associates each point on some bit 

k 
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of terrain with & point on a piece of paperj in this casei the domain of the 
t\uictlDn is a geographical region. We can, indeed, generalize this last ex- 
ac^plCi and thinK of an^' function as a mapping; thus, our first tvo examples map 
numbers into numbers, and our tiii3:^ maps pointis into points. 

WViat are tlie etinential featuret: of each of thet:e exasipl^jc? First, ve ai'e 
given a cet, the domain. Second, ve are given a rule of sosTie kind which asso* 
ciates an object of seme sort vith each element of the domain, and, t})lrd, vc 
are ^jiven sonie idea of where to find tiiis aiisociated object. ITiUG, in the 
first example above, we know that if we start with a tiet of real numbers, and 
double each, the place to look for the result is in the set of all jx*al nunibere. 
To tai^e ctill another example^ if the domain of a iXinction is the set of all 
real nuinbers, and the rule is "take the square root", then the set in which we 
must look for the result is the set of consplex numbers. We summarize this 
discussion in the following definition: 

Def inltlort 1_. If with each element of a set A there is associated in 
some exactly one eleinent of a set B, then this association is called a 
function from A to B. 

It is cumniori practice to represent a function by the letter f (otlier 
letters such ai; ^ and h will also be used). If x is an element of the 
dctnain of a function f, then the object which f associates vith x "is 
denoted f(x) (read ''the value of f at x" or simply "f at x" or "f of 
x"); f(x) is called the ima^re of x. Using the arrow notation of our exam- 
ples, ve can represent this symbolically by 

f : x f(x) 

(read ''f takes x into f(x)*'). T^iis notation tells uc nothing about the 
function f or the element x; it is nierely a restatement of what f(>:) means. 

The set A mentioned in Definition 1 is, as ban been stated, the domain 
of the l\inction. The set of all objects onto which the :\inction maps t>*e ele- 
ment of A is called the ran^e of the function; in L;et rjotation, 

range of f - if(x): x r. A} . 

Tlie range may be the entire set B mentioned in the definition, or may be only 
a part thereof, but in either ca^e it is included in B. 

It is often helpi\jl to illustrate a l\inction as a mapplrig, shoving the 
elements of the doinain and the range as points and the Inunction as a set of 
arrows from the points that represent elements of the uomain to thu points that 
represent elements of the range, aii iri Figure 1* Note that, an a consequence 
of Definition 1, to each element of the domain there correc.ponds one and only 
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oam eloMint of the range. 




Figure 1. A function as a napping. 



If thi« condition is not met, as in Figure 2, then the laappiag pictured is not 
a function. In teras of tne pictures, a sapping is not a function if two 
arrows start frc«i one point; whether two arrows go to the same point, as in 
Figure 1, is iaoateriol in the definition. This requirement, that each element 
of the dcaaain ho mapped into one and only one elercnt of the range, may seem 
arbitrary, hut it turns out, in practice, to he extremely convenient. 



In this pamphlet, we are primarily concerned with functions whose doaain 
and range are sets of real numhers, and we shall therefore assume, unless we 
make explicit exception, that all of our functions are of this nature. It 5s 
therefore convenient to represent the domain by a set of points on a number 
line and the range as a set of points on another number line, as in Figure 3. 



A 




Figure 2. This mapping is not a function. 
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Figure 3* A function mapping 
r^tl numbers into r^^ numbers. 

More specifically, consider tiiC i\oction f, discussed earlier, which 
takes each element of the set [1, 2, 3j ^) into the numher tvice as great. 
The rauige of this function is {2, 4, 6, 6} and f maps its domain onto its 
range as shown in Figure 4. We xKJte that, in this case, the image of the 
element x of the docsain of f is the element 2xj hence we may write, in 
this instance, f(x) » 2x, and f is completely specified by the notation 

f: x-^ 2x, X = 1, 2, 3, 4. 




Figure k. fz x 2x, x « 1, 2, 3j 

In this- case, the way in which f maps its domain onto its range is 

completely specified by the fonmila f(x) « 2x» Most of the functions which 

ve shall consider can similauriy be described by appropriate formulas. If, for 

example, f is the function that takes each number into its square, then it 

taker 2 into k (that is, f(2) - k), it takes -3 into 9 (that is, 

2 

f(-3) ■ 9)/ and, in general, it takes ar^jr real nujaber x into x . Hence, for 
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this function^ f(x) « x*^, and ve ma^^ write i': x^x . Tlie fomrula 

f(x) - defines this i\inction and to find the image of any element of 
the domin, vc can merely substitute in thi. forniula; thus, if a - 3 is a • 
real number, then f(a-3) = (a-3)^a - 6a+9. Similarly, if we know 
that a l\anction f hac f(x) ^ 2x - 3 for alJ x € R (we use H to repre- 
sent the rjet of real numbers), then we can repi^esent f in our mapping nota- 
tion as f: 2x - 3^ and to find the image of any real number we need only 
substitute it for x in the expression 2x - 3; thus f(5) ^ 2(5) -3^7, 
f(i^) - 2/2 - 3, and if K ^ 2 is a real number, then 

f(k + 2) - 2(k + 2) - 3 - 2k 1. 

Strictly speaking, a l\;nction is not completely described unless its 
domain is specified. In dealing with a formula, however, it is a common and 
convenient practice to assume, if nc other information is given, that the 
domain includes all real numbers that yield real numbers when substituted in 
the formula. For example, if nothing i\irther is said,, in the function 

f: X-*—, the domain is assumed to be the set of all real numbers except 0; 

^ 1 
this exception is made because ^ is not a real number. Similarly, if f is 

a functiuti .-.u.-h that f(x) A - x*" , we assume, in the absence of any other 
iniormation, that the domain is (x: "1 < x < 1)^ that is, the set of all real 
numbers from -i to ^1 inclusive, since only these real numbers will give 
us real square roots in the expression for f(x). V»^en a l\inction is u^ed to 
describe a pliysical situation, the domain is underst'^od to include only thoce 
numborLj tiiut arc physically realistic. Thus, if we arc describing the volu^ie 
of a balloon in terms of the length of its rudius, f: r^V, the domain vouid 
include only positive numbers. 

A hujnoi'iut once uei'ined mathematics as ''a set of state^ients about the 
twefity-fourth letter of the alphabet". We may not agree about Just how l\inny 
thij statement is, but we must agree that it contains an element of the truth: 
wo do make x work very hard. It is important to recognize that tliis arises 

out of cuL-,toni^ not necessity, and that any other letter or symbol would do just 

2 2^ 
as well. Tiic notations f: x x , f: h h , f; t^t"", and even 

i*^ ^^it'" all describe exactly the same l^inction, subject to our agreement 

that X, n, t, or ^ stands for any real number • 

Another way of looking at a function, which may help you to understand 

this SOL- 1 ion, is to think or it as a machine that processes elements of it^ 

domain to produce elements of its range. Tlie machine has an input and an 

output; if an element x of its domain is fed on a tape Into the machine, the 

element f(x) ol' the range will appear as the outpiut, ai5 indicated in Fi^';ure % 
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Figure 5* A representation of a function as a machine. 

A machine can only "be set to perform a predetermined task. It cannot 
exercise ^dgment, make decisions, or modify its instructions, A l\mction 
machine f must be sst so that any particular input x always results in the 
saae output f(x); if the element x is not in the domin of f, the machine 
will Jam or refuse to perform* Some machines--notably computing machines-- 
actually do work in almost exactly this way. 

Exercises 2 



1. Which of the following do not describe i\inction£, when x,y g R? 

(a) f : X 3x - ^ (d) f : x all y < x 

(b) f: x--^x^ (e) f: x-^5x 

(c) f: x-^y x"^' (f) f: x l6 - x^ 

2. Depict the mapping of a few elements of the domain into elements of the 
ran^e for each of the Exercises l(a) and (c) above, as vai5 done in 
Figure 4. 

3. SpecilV the domain and ran^e of the following functions, where x,f(x) e R. 



(a) f : x X 

(b) f: x-^x^ 
{c ) f : X — * i/x 



;d) f: 



(e) f: x-*-T7-^ 

x" - h 



k. If f : X-* 2x ^ 1, rind 

(a) f(0); (e) f ( lOO) ; 

(lO f(-l); (d) 
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5. Given the function f: x-*x - 2x + 3, find 

(a) f(0)j (c) f(a); 

(b) f(-l)j (d) f(x - i). 

6. If fu; - - 16, find 

(a) .fik)i (c) f(5); (e) f(a - l)j 

(b) f(-5)j (d) f(a)j (f) f(n). 

7. If f: x-^ix^ - 12x^ + - 20 has the dornin (1, 2, 3, ^) , 
(a) find the image of f, and {b) depict f as in Figure k. 

8. If X e R, given the functions 
and 2 

X 

g: X — 

X 

are f and g the same runction? Why or vhy not? 

9. What number or numhers have the image l6 under the following functions? 

(a) f: x-*x^ 

(b) f: x-^2x 



(c) f: x-^/: 



X lU 



3. The Graph of a Function « 

A graph is a set of points. If the set consists of all points whose 
coordinates (x,y) satisfy an equation in x and y^ then the set is said to 
be the graph of that equation. If there is a function f such that, for each 
point (x^y) of the graph, and for no other points, we have y = f(x), then ve 
say that the graph is the graph of the function f . The graph is perhaps tiie 
most intuitively illuminating representation of a function; it conveys at a 
glance much important information about the function. The function x^x , 
(when there is no danger of conl\ision, ve sometimes omit the name of a i\incticn, 
as f in f: x-^x*") has the parabolic graph shovn in Figure 6, We can look 
at the parabola and get a clear intuitive idea of vhat the function is doing 
to the elements of its domain. We can, moreover, usually inl'er from the graph 
any liinitations on the domain and the range. Ihus, it is clear from Figure 6 
that the rai^ige of the i\inction there graphed includes only non-negative numbers, 
and in the fimction f : graphed in Figure 7, the domain 

{x: -5 < X < 5) ajid range {y: 0 < y < 5) are easily detenained, as shown 
by the heavy segments on the x-axis and y-axis, respectively. 
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Figure 7. Graph of the function f: x-*v^25 - x . 

Another illustration: the function 

f: x-^^^ 2 < X < 6 

has domain A = [x: 2 < x < 6} and range B lf(x); 1 < f(x) < 3) . In this 

ca^je ve have used open dots at 2 on the x-axis and at 1 on the y-axis to 

indicate that t}ie;5e nunibers are not elcinentii of the domain and ran^e, renpec- 
tivel^. See Figure ti. 
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Figure 8. Graph ol' the function f: x-»-, 2 x 
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As mig^t tc expected, not *ery possible sraph is the gra^ of a function. 
In particular. Definition 1 requires that a function map each eieaent of its 
ciomaln into only one element of its range. In the language of graphs, thiw 

snys that onl;^ one value of y can correspond to any value of x. If^ for 

2 2 

example, ve look at the graph of the equation x + y 25, shown in lUgure 9, 
ve can 




K0r5) 



Figure 9* Graph of the set S [(x,y): x^ y^ = 



see that there are many instances in vhich one value of x is associated with 
two values of y, contrary to the definition of function. To give a specific 
example, if x = 3, ve have • y m k or y « each of the points (3,^) and 
(3,-^) is on the graph. Hence this is not the graph of a fu nction. We can, 
howeve r, break it into two pieces, the graph of y = 1/25 - x^ and the graph of 
y » - x*' (this makes the points (-5>0) and (5^0) do double duty), 

each of which is the graph of a function. See Figures 10 and 11. 
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If I in the xy-plane^ ve In^glne all possible lines i^cfa &re parallel to 
the y-axls, and if any of these lines cuts the graph in more than one i<)int^ 
then the graph defines a relation that is not a function. Thus, in Figure 12, 
(a) depicts a function^ (b) depicts a function, but (c) does not depict a 
function. 













X 









(a) (b) 

Figure 12* Function or not? 



(c) 



Exercises ^ 

1, Which of the folloving graphs could represent functions? 



(a) 



(c) 



4 




2. Suppose that in (a) above, f: x"-*f(x) is the function whose graph is 
depicted. Sketch 

(a) g: X— -f(x)j (b) gt x-*f(-x). 
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3. CSraph the following functions : 

(a) f: x-»2x} 

(b) f: X — 

and X ami y are positive integers; 

id) f: X - A - . 

4. Qraphi the following fimctions and indicate the doaain arid range of each by 
heavy lines on the x-axis and y-axis, respectively: 

(a) f: x"»y ^ X and 2 < y < 3; 

(b) f: x-^ ^9 - x^; 

(c) f: x-*v^ and x<4. 



Conis tant f'unctlons and Linear Functions . 

We have introduced the general idea of l\inction, which is a particular 
kind or axi asisociatlon of elements of one set with elements of another. We 
have also interpreted this idea graphically for functions which map real num- 
bers into real numbers. In Sections 2 and 3 our attention was concentrated on 
general idea^, arid examples were introduced only for the purposes of illustra- 
tion. In ti"ie present section we reverse this emphasis and study some particu- 
lar IXinctions that are important in their own right. We begin with the sim- 
plest of these, namely , the constant functions and the linear functions. 

Let tliink of a man walking north alon£; a long, straight road at the 
uniform rate of 2 miles per hour. At some particular time, sa^' time t - 0^ 
this nmn j^iassed the milepost located one mile north of Baseline Road. An hour 
befor'.* this^ which ve shall call time t = -1^ he passed the milepost located 
one- mll<j south of Baseline Road. Aia hour after time t ^ 0, at time t - 1, he 
passed the mi Lepcst located three milen north of Baseline Road* In order to 
form a convenient mathematical picture of the man's progress, let us consider 
miles north of Baselimf Road as positive and mi lei." south as negative. Thus the 
inan passed milespost -1 at time t ^- -i^ iriiiepost 1 at time t - 0, and 
milepost j at time t - 1. Usin^ an ordinai'y set of coordinate axes let us 
plot his position, as indicated by the iruleposts, versus time in hours* This 
gives us the graph shora in P'igure 13. 
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Figure 13. Graph of the function f:t-^d«2t^i. 

In t hours the laan travels 2t miles* Since he is already at ailepost 
1 at time t « 0, he must be at Kilepost 2t ^ 1 at time t. This pairing of 
nunsbers is an example of a linear function. 

Nov let us plot the man's speed versus time. For all values of t during 
the time he is walking, his speed is 2 miles per hour. We have graphed this 
information in Figure ih* 
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Figure lk» Graph of the function g: t-^ s = 2f 

When t « -1 his speed is 2; when t = 0 his speed is 2^ etc.; with each 
number t we associate the number 2, This mapping, in which the range con- 
tains only the one n^umber 2, is an example of a constant function * 

Definition 2. If with each real number x we associate one fixed number 
c, then the resultant mapping, 

f: X c, 

is called a constant function . 

The discussion of constant functions cam be disposed of in a few lines. 
The function we just mentioned, for example, is the constant function 
g: t-* 2. The graph of any constant function is a line parallel to the hori- 
zontal X-axis. Constant functions are very simple, but they occur over and 
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over again in mathematics and science and are really quite ii^portant. A veil- 
known exaaple from physics is the magnitude of the attraction of gravity, which 
Is usually taken to be constant over the sia-face of the earth—though, in this 
age, we must recognise the fact that the attraction of gravity varies greatly 
throughout space. 

T5ie functions ve examine next also occur over and over again in mathemt- 
ics and science and are considerably more interesting than the constant func- 
tions. Ihese are the linear functions . Since you have worked with these 
functions before, we can begin at once with a formal definition. 

Definition ^. A function f dex'ined on the set of all real numbers is 
called a linear function if there exist real nuaber^ m and b, with is / 0, 
such that 

f(x) mx b. 

Example 1. The i\mction f: x ^ 2x ^ 1 is a linear function. Here 
f(0) « 1, f{i) 3^ f(-l) »^ -1, Ihis function was described earlier in this 
section in terms of t, with f(t} * 2t + 1. Its graph can be found in Figure 
13. 

We note that the graph in Figure 13 appears to be a straight line. As a 
matter of fact, the graphs of all linear functions are straight lines (that is 
why we call them "linear" l\inctions)j you may be familiar with a proof of this 
theorem from an earlier study of graphs. In any case, ve here assume it. 

An important property of any straight line sepunent is its slope, defined 
as follows: 

Definition 4. The slope of the line segment from the point P(x^,y-^) to 
the point (iix^,y^) is the number 

^'2 ' ^1 
^2 ^1 

provided x^ ^ x^. If = x^, the slope is not defined. 

Sote that, by Definition the slope of the line segment from the point 
QCx^^y^) to the point P(x^^y^) is 

^1 ' ^2 



But 



^1 " ^2 ^ ^2 ^ ^1 
^1 " ^2 ^2 " ^1 

so that it is immaterial which of the two points P or Q ve take first. 

Accordingly, ve can si>eaK of as the slope of the segment joining the 

^? " ^1 

two points, without speciiying which comes first. 
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UbAt about tht geometric aeiming of the slope of a segment? Suppose i for 

tbe sake of definitenesa , ve consider the segment joining P(l^2) and Q(3^B}. 

8-2 / 

?y our definition I the alope of this segaent is 3* since » 3 (or 

p 8 J • 1 

- 3). Note that this is the vertical distance from P to Q divided by 

the horizontal distance f£w 



divided by the run . 



P to Qi or, in more vivid language, the rise 

riS« (6 units) 




Figure 15. 

Let U5 think of the segment Pft as running from left to right, so that the run 
is positive. If the segment rises, then the "rise" is positive and the slope, 
or ratio of rise to run, is positive; if, on the other hand, the segment falls, 
then the "rise" is negative, and the slope is therefore negative. The steeper 
the segment, the larger is the absolute value of its slope, and conversely; 
thus ve can use the slope as a numerical measure of the "steepness" of a 
segment. 

Ve have stated that slope is not defined if « x^; in this case, the 
segment lies on a line parallel to the y-axis. It is important to distinguish 
this situation from the case y^ = y^ (and x^ / Xg), in which a slope is 
defined and in fact has value 0; the segment is then on a line parallel to the 
x»axis. 

If a line is the graj^i of a linear function f: x-^mx + b, then for any 
x^ and Xg, x^ / x^, the slope of the segment joining ^x^,f(x^)| and 
^x^^ fCx^)] is, by definition, 

f{xg) - f(x^) (mxg ^ b) - (mx^ ^ b) 



x^ * ^1 



X - X 

2 1 



in other vords, the slope m is ii^ependent of the choice of and x^, 

and is therefore the same for every segment of the line. Hence ve may consider 
the slope to be a property of the line as a whole, rather than of a particular 
segment. We shall also simplify our language a little and spea? of the slope 



17 



RJC 



2S 



Of the graph of a function as, isimply, the slope of the function* We see, 
ssoi^over, that ve can read the a lope of a linear function directly from the 
expreission which defines the function: the slope of f: x-*mx -^^ h is simply 
ffi, the coefficient of x. Thus, the slope of the linear l\inction r; x-*2x'^l 
iu 2, tiie coefficient of x, and, siiailarly, the slope of g: x-^-5x is -5. 

Since the slope of a linear i\mction f; x mx -♦^ b is the number m Q 
it follovs that the graj^* of a linear function is not parallel to the x«-axis, 
Conver^sely, it can be proved that any line not parallel to either axis is the 
graph of some linear function. We assuioe that this, also, is known to you from 
previous work, and the proof is therefore omitted. 

If the graphs of tiie functions f , : x-^m,x b. and i\i x m,,x + b^ 
neet, there must be a value of x vhidi satisfies the equation f^(x) « i^t^^s 
that is, 

m^x + b^ ^ m^x ^ b^„ 

or 

(m^ - m^)K ^ " ^1' 

J ^2 ^\ 

If m f m,^, then the value x ^ z satisfies this equation, and the 

J- ^ m^ - ^ ' 

lines do indeed meet. If = and b^ « b^, the functions f^ and f^ 

are the same, and there is only one line. If « m^ and b^ ^ b^? the 

equation has no solution, and the lines do not meet. We conclude that lines 

with the same elope are parallel, and that two lines parallel to each other but 

not to the y-axis have equal slopes. 

Note that lines having sero slope, that is, lines parallel to the x-axis, 
are graphs of constant functions* On the other hand, lines for which no slope 
is defined, that lines parallel to the y-axis, cannot be graphs of any 
functions because, with one value of x, the graph associates more than one 
value--in fact, all real values. 

Example 2. Find the linear function g whose graph passes through the 
point vith coordinates (-2,1) and is parallel to the graph of the function 
f : x-^ 3x - 5 . 

Solution . The graph of f is a line with slope 3* Hence the slope of 
g is the number 2, so that g(x) = 3x ^ b, for some as yet unknown b. 
Since g(-2) = 1, this implies that 1 = 3(-2) b, b 1, and thus 
g(x) = 3x ^ 7 for all x c R. 
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Exercises k 

1. Find the slope of the function f if, for all real numbers x, 

(a) fix) - 3x - 7j (c) 2r(x) » 3 - xj 

(b) f(x} - 6 - 2x; (d) 3f(x) «= i+x - 2. 

2. Find a linear l\inction f whose slope is -2 and such that 

(a) f(l) » ki {c) f(3) - 1; 

(b) f(0) - -7; (d) f(8) - -3. 

3. Find the elope of the linwr function f if f(l) - -3 and 

(a) f(0) - k; (c) f(5) ' 5; 

(b) f(2) - 3; (d) f(6) - -13. 

k. Find a function whose graph is the line Joining the points 

(a) P(l,l), Q(2,l+); (c) P(i,3), <5(l,8)j 

(b) H-l,^), Q(-5,0)j (d) Q(-2,4). 

5. Given 1': x— •-jx + k, find a I'uiiction whose graph ic parallel to the 
graph of f and passes through the point 

(a) P(i,iO; (c) P(l,5); 

(b) H-2,i)i (d) P(-3,-2^). 

6. If f is a constant inunction, find f(3) if 

(a) f(l)-5J (b) f{8) = -3; (c) f{o) » 4. 

7. Do the points Hl,3), Q(3,-l), and S(7}-9) all lie on a single line? 
Prove your assertion. 

8. The graph of a linear function f passes through the points P(lOO,25) 
and Q( 101,39). Find 

(a) f(lOO.l); (c) f(lOl.T)j 

(b) fdOO.j); (d) f(99.7). 

9. The graph of a linear function f passes through the points P(53,25) 
and Q(5U,-19). Find 

(a) f(53.3); (c) fbk.h); 

(b) f(53.8); (d) f(52.6). 

10. Find a linear function with graph parallel to the line with equation 
X - 3y + 4 B 0 and passing throu^ the point of intersection of the 
lines with equations 2x + 7y + 1 = 0 and x - '^+8=0. 

U. Given the points A(l,2), B(5,3), C(7,0), and D{3,-l), prove that ABCD 
is a parallelogram. 
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12. Find the coordinates of the vertex C of the paraLLlelograia ABCD if AC 
is & dia^OQial sod the other vercices ar« the pointfi: 

(ft) A{l,.l), Bi3,k), (h) A{0,5), B(l,-7), D(4,l). 

13. If t is & real aumber^ shov that the point P(t^l,2t^l) is on the 
graph of f : x 2x - 1. 

14. If you graph the set of all ordered pairs of the fo» (t * 1 , 3t l) 
for t c R, you will obtain the graph of a linear function f. Find f(0) 
and f(8), 

15. If you graph the set of all ordered pairs of the form (t-l^t^-^l) 
for t e H, you will obtain the graph of a function f . Find f(o) and 
f(8). 

16. If the slope of a linear function f is negative, prove that 
f(xj > f(x^) for X, < x^. 



5 • yh.e Ab30lute « Value Rinction , 

A function of importance in many branches of mathematics is the absolute- 
value function, f: x*-* jx] for all x c ae absolute value of a number 
describes the size, or ma^^iitude, of the number; thus, for example, 
|2j « I-2! « 2 {read \2\ as ''the absolute value of 2*^. A conanon defini- 
tion of jxi is the folloving: 

Definition 2* 

X, if X > 0 

|x| 

-X, if x < 0* 

A consequence of this definition is that no number has a negative abso- 
lute value (-X is positive when x is negative); in fact, the range of the 
absolute -value function is the entire set of non-negative real numbers* 

A very convenient alternative definition of absolute value is the follov- 

Ing: 

Qefinition 6. x » 

Since ve shall make use of this definition in what follows, it is impor- 
tant that you understand it, and you must therefore be quite sure of the mean- 
ing of the square-roo t symb ol y This never ii^iicates a negative number. 
Thus, for example, /(-3)^ * ^ 3, not -3; Vx is nev ^ negative. It is 
true that every positive numb3r has two real square roots, \e of them positive 
and the other negative, but the symbol 1/ has been assigned the Job of 
representing the positive root only, and if we wish to represent the negative 
root, we must use a negative sign before the radical* Thus, for example, the 
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mabcr 5 two square roots, ^ and S • 

The graph of the absolute-value function is shown in Figure l6, 

y 




Figure l6. Graph of the function f: x-* {xj. 

You should be able to see^ from the first definition of this function given 
above, that this graph consists of the origin, the part of the line y * x 
that lies in Quadrant I, and the part of the line y'^ -x that lies in Quad- 
rant II. 

There are tvo important theorems about absolute values. 

Theorem !• For any two real numbers a and b, |ab| » ja{ • |b| . 

Proof . |aj • |b| * . „ ^ V^(ab)2 . |ab|. 

Theorem 2. For any two real numbers a and b, ja b| < ja| + lb| - 
Proof . By Definition 6, 'Dieorein 2 is equivalent to 

/(a ^hf <JbF ^ Jb^. (1) 

Nov, if X and y are tvo non-negative numbers (i.e., positive or zero) 

2 2 

such that X < y, then x < y . For, if x < y, ve know that there is a non- 
negative number, h, such that x + h y. Then + 2hx + h^ = y^ Mhere 

2 2 2 

2hx h is a non-negative number. Hence x < y , On the other hand, if 

2 2 P " P op 

X < .y , it follows that x < y. For, if x < y , ve have 0 < y • x = 

(y x)(y - x) and, since x and y are non-negative, so is y x* In 

fact, y X Is positive unless x y - 0 and, if y + x is positive, 

y - k cannot be negative since the product of a positive number and a negative 

number is a negative number. Thus either x-y^s^O or y-x>0 so that 

X < y. In either case ve have x < y, 

PVom these remarks and the fact that /a^ ^ b^ . V^a^t and are all 

non-negative nunibers, it follows t>iat (l) holds if and only if 

(a -t- b)^ » + 2ab + < + J? + l^^ . (2) 
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But (2) is certainly equivalent to 

so that ve conclude that Cl) holds if and only if 

ab < Jb^. { 3 ) 

Nov, inequality (3) is easy to prove. If one of a and t is negative 
and the other positive, then ab < 0 and > 0 ffo that ( 3 ) holds vith 

the < sign. Otherwise 

ab "■ J? J?. 

Hence, in any case (3) holds Euid therefore (l) holds. 

Thus, for exaaple, l(-2)(3)i - * 6 = 2 .3 « l-sj • jsj, 

|(-?) + (3)1 - l<5-2 + 3= I-2I + l3i, and 
l(-2) + (-3)1 5 = 2 + 3 = 1-2| + l-3l. 



Exercises ^ 

1. (a) For vhat x € H is it true that 

(b) For what x c R is it true that -X? 

2. (a) For vhat x € K is it true that |x'lj=x-l? 

(b) j?br vhat x e R is it true that |x - l| = -x + I 

(c) Sketch a graph of f: x-^ |x - ij. 

(d) Sketch a graph of f: x-^ |xj - 1. 

3. Goivc: 

(a) |x| = Ih] (b) |x ^ 2l - 7) (c) |x - 3t = 

For vhat values of x is it true that 

(a) jx - 2| < 1 ; (d) |2x - 3| < 0,0U j 

(b) |x . 5| > 2 ; (e) \kx + 5| < 0.12? 

(c) |x + 4| < 0.2; 

5. Show that x" > ^ * i^l ^11 x € S. 

6. aov that |a - b} < |a| |b| • 

7. Show that i(a-^b+|a-b|) is equal to the greater of a and b. 
Can you write a similar expression for the lesiiser of a and b? 

8. Sketch: y « |x| + |x - 2|. (Hint: You must consider, separately, the 
three possibilities x < 0, 0 < x < 2^ and x > 2 J 

9. If 0 < X < 1, ve can multiply both sides of the inequality x < 1 by the 



positive number x to obtain x < x, and we can similarly show that 
x"^ < x*^, X x"^, and so on. Use this result to show that if |x| < 1, 
then ix^ + 2x! < 3ixL 



10. Show that, if 0 < x < k, then x < kx. Hence, shov that, if \x\ < 0.1, 
then Ix^ - 3x| < 3.l|xl . 

11, For what values of x is it true that + 2x| < 2,00l|x| ? 



6. Composition of Functions. 

(Xlt consideration of functions ^ to this point, has been concerned vith 
individual functions, vith their domainis and mnges, and with their graphs. We 
now consider certain things that can be done vith tvo or more functions some- 

as, when v€ start school, ve first leaom about numbers and then learn how 
to ccsnbine them in various ways. TJiere is, as a matter of fact, a whole alge- 
bra of functions, ^ust as there is an algebra of numbers. Functions can be 
added, subtracted, multix^iied, and divided. The sum of two functions f and 
g, for example, is defined to be the l\inction 

f ^ g: x^ f(x) ^ g(x) 

which 1ms for domain those elements that are both in the domain of f and the 
dcmain of g; there are similar definitions, which you can probably supply 
yourself, for the difference, product, and quotient of tvo functions. Because, 
for example, the nuniber (f ^ £)(x) can be found by adding the numbers f(x} 
and g(x), it follows that this part of the algebra of l\inctions is so much 
like tiie familiar algebra of numbers that it would not pay us to exa^uine it 
carolXiliy. Tiiere is, however, one important operation in this algebra of 
functions that has no counterpart in the algebra of numbers: the operation of 
ccsnposition , 

Tiie basic idea of compoijition of two functions is that of a kind of ^^chain 
reaction'' in whiL'h the l\4nctioris occur one aTter the other. Thus, an automo- 
bile driver knows that the amount he depresses the accelerator pedal controls 
the a;nount of gasoline fed to the cylinders and this in turn affects the speed 
of the car. ;^gai^l, the momentum of a rocket sled when it is near the end of 
its 2'unvuy depends on the velocity of the sled^ and this in turn depends on the 
thrust of the propelling rockets. 

Let us look at a specific illustration- Suppose that f is the fu-iction 
x^^x - 1 (this miglit be a time-velocity functior*^ and suppose tljai ^. is 
the function x 2x'' (this might be a velocity-energy IXinction). Let us 
follow what happens when we *'apply^^ these two f\inetions in suceesslon--f irst 
f, then g--to a particular member, say the number k. In brief, lot us l'ir:.:.t 
calculate f(4) and then calculate g(f(^)j. (Read this ''g of f of 

First calculate f ( U ) , Since f is the t\inction x jX - 1, 



r{k) - 3 - 1 « !!• Then calculate s(f(^)], or g(ll). Since g is the 
function x 2x^; g(ll) » 2 • 11^ - Thus g(l'(i^)) « g(ll) » 2^2. In 

general, g[f(x)j is the result ve obtain \*en we first "apply" f to an 
eleaient x and then "apply'' g to the result. The function x-^g 
is then called a composite of f and g, and denoted gf . 

We say a composite rather than the cosnposite because the order in which 
these functions occur ia important. To see that this is the case, start with 
the number h again, but this time find g(U) first, then f^g(U)j. The 



results are as follows 
g 



(U) « 2 . ^ 32 and r(g{hij » f(32) - 3 • 32 - 1 = 95- 

Clearly g^f(^)j, which is 2k2, is not the same as f^g(^)], which is 95. 

Warning , When ve write gf we mean that f is to be applied before 
g and then g is applied to f(x). Since f is written after g is written, 
this can easily lead to confusion. You can avoid the confusion by thinking of 
the equation (gf)(x) = g^f(x)j . 

It may be helpful to diagram the above process as follows: If gf is the 
function x-^g^f(x)j and fg is the function x-^f^g(x)j, we have 





and 
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^242 4 — 8 — >.32 — L^95 



Note particularly that fg is not the product of f and g mentioned 
earlier in this section. When ve want to talk about this product, f • g, we 
shall always use the dot as shown. Incidentally, for the above example, ve 
have (f . g)(if} - fik) . g{k) - 11 . 32 - 35? = 32 • 11 = g(^) • f(^) = (g • f)ih). 

To generalise this illustration, let us use x instead of k and fi,nd 
algebraic expressions for (gf)(x) and (fg)(x). We do this as follows: 

(gf)(x) - g(f(x)) = g(3x - 1) = 2 - (3x - 1)^ 

(fg)(x) - f(g(x)) - f(2x^) = 3(2x^) - 1 = - 1 . 
Again, note that (gf)(x) and (fg)(x) are not the sajne so the function 
gf is not the same as the function fg. In symbols, gf ?^ fg. If, now, we 
substitute h for x wo obtain 

(gf)(0 = 2(3 - U - 1)^ = 242 

and 

(fg)(4) = 6 . 4" ^ 1 = 95, 
These results agree with the ones we obtained above • 

We ar*>? now read>' to define the general pr'ocess that ve have been illus- 
trating, 

30 



Definition J. Giv»ix two function, f and the runction x-^g(f(x)) 
is called a composite of f aid g and denoted gf . !I5ie dojaain of gf is 
the set of all eleaent^s x in the doaain of f for vhich f(x) is in the 
doasaln of g- The operation of foMlng a canposite of tvo functions is 
called copposition . 

Example 1. ' Given that f: x-^ 3x - 2 and g: x 

find 

(c) f (g(x) + 3) 

(d) f(g(x) - f(x)) 



for all X € R, 



(a) (gf)(x) 

(b) (ff)(x) 
Solution, 



(a) (gf)(x) - g(f(x)) 
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g(3x - 2) - (3x - 2)5 

(b) (ff)(x) - f (f(x)j - f(3x - 2) « 3(3x - 2) . 2 - 9x 

(c) f(g(x) + 3) « fCx^ + 3) - 3{^'^ 3) - 2 - 3x5 + 7 

(d) f (g(x) - f(x)j - f(x5 - 3x + 2) - 3(x5 - 3x 2) - 2 - 3x^ - 9x + 4 
If we think of a function as a loachine vith an input and an output, as 

suggested in Section 2, we see that two such machines can be arranged in tandem, 
so that the output of the first machine feeds into the input of the second. 
This results in a "coaiposite" process that is analogous to the operation of 
cocqposition. It is illustrated in Figure 17. In this figure the machine for 
f and the machine for g have heen houses in one cabinet. ISiis compound 
machine is the machine for gf . 



f 
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Figure 17. g(f(x)) 
Schematic representation of the composition of i\inctlon£ 



Note that the machine for gf vill Jam if either of tvo things happen: 

(a) It will ^jam If a number not in the domain of f is fed into the 
machine. 

(b) It vill Jam if the output f(x) of f is not in the domain of g. 
Thus, once again ve see that the domain of gf is the set of all elements x 
in the domain of f for vhich f(x) is in the domain of g. 

We have noted that the operation of composition is not commutative; that 
is, it is not alvays true that fg = gf . On the other hand, it is true that 
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this operation is associative: for any tiiree f^mctions f, g, aiad h, it is 
alvwiys true that (fg)h « f(gh). We shall not prove this theorem; we shall, 

hovever; illustrate its operation by an exaisple. 

2 

lilxarople 2. Given f: x-*- x + x + I, g: x-» x + 2, and h: x -2x - 3, 

find 

(a) fg; (c) (fg)hj 

(b) gh; (d) f(gh). 
Solution . 

(a) (fg)(x) - (x + 2)^ + (x + 2) + 1 + 5x + 7, so 

2 

fg: X -*■ X + 5x + 7 

(b) (gh)(x) = (-2x - 3) + 2 - -2x - 1, so gh: x .2x - 1 
(l-) .(fg)h: x — (-2x - 3)^ + 5{-2x - 3) + 7 

(d) f(gh): X — (-2x - l)^ + (-2x - 1) + 1 

It is not altogether obvious froia these expressions that (fg)h and f(gh) 
are the same function. But if you will simplil'y the expressions you will jee 
that they are indeed the same. 



Exercises 6 



1. 



2. 



3. 



Given that f: 

(a) (fg)(-2)j 

(b) (gf)(0); 

(c) (gg)(l); 

(d) (ffg)(l); 



- 1 and g: x-*x + 2 for all x e R, find 

(e) (fg)(x); 

(f) (gf)(x); 

^^'^ X - 1 



ex + d for ail x £ R. 



Let it he given that ft x ax + b and g: ) 

(a) Find (fg)(x). 

(b) Find (gf)(x). 

(c) CoHipare the slopes of fg and gf with the slopes of f and g. 

(d) formulate a theorem concerning the slope of a coniposite cl' two linear 
functions . 

1 

Suppose thut f: X — ♦ — for all real numbers x different from zero. 

X 

(a) Find (ff)(l), (ff)(-i), and {ff)(8). 

(b) Describe ff ciomplctely. 

lx:t it be given that j; x x and f: x x + 2 for all x £ K. 

(a) Find fj and Jf. {First find (fj)(x) for all x t R.) 

(b) Find a function g sucii that fg - J. (That Jn, find g svioh that 
(fg)(x) - J(x) for all x e K.) 

(c) Und a l^inctlon ii sue-h that hf - J, Compare your result witli 
that of (b ) . 
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2 3 

5. (a) If f: x-^x and g: x-*x , find expressions for (fg)(x) and 

(Sf)(x). 

(b) If f: x-^x° and g: x x^, fiai expressions for (fg)(x) and 
(gf)(x). 

6. (a) If f: X and g; x-^x^^, find an expression for (f • 6)(x), 

where f . g is the product cf f and g; that is, 
(f •g)(x) - f{x)g(x). Compare with Exercise 5(a), 
(b) If f: x-^x^ and g: x-^x^ for all x € R {where m and n 
are positive integers), find an expi^ssion for (f • g)(x). Compare 
with Exercise 5(b). 

2 

7. Suppose that f: x-^x + 2, g: x-*x - 3, and h: x-^x for all 

x € R. Find expressions for 

(a) (f-g)(x); (d) (gh)(x); 

(b) {(f.g)h)(x)j (e) ((fh). (gh))(x). 

(c) {fh)ix)i 

8. In Exercise 7, CCTipare your results for (b) and (e). They shoiild be the 
same- Do you think this result is true for any thi^e functions f, g, 
and h that map real numbers into real numbers? 

9. Would you say that f(g . h) = (fg) • (fh) for ajiy three functions f, g, 
and h that map real nuoibers into real numbers? 

10. State which of the following will bold for all functions f, g, and h 
that map real numbers into real numbers: 

(f + g)h fh + gh; 
f(g + h) = fg + fii. 

11. P^ve that the set of all linear functions is associative under craiposi- 
tionj that is, for any three linear functions f, g, and h, 

fCgh) - (fg)h. 



7 * Inversion . 

Quite frequently in science and in everyday life ve encounter quantities 
that bear a kind of reciprocEil relationship to each oth'^r. With each value of 
the temperature of the air in an automobile tire, for example, there is 
associated one and only one value of the pressure of the air against the walls 
of the tire. Conversely, with each value of the pressure there is associated 
one and only one value of the temperature. Two more exaaipleis, numerical ones, 
will be found below. 



Suppose that f is the function x x ^ 3 and g is the runction 
x-^x - 3t Then the effect of f is to increase each number by 3^ and the 
effect of g is to decsrease each nmnber by 3» Hence f and g are recip- 
rocally related in the sense that each iindoes the effect of the other. If ve 
add 3 to a number and then subtract 3 from the result ve get back to the 
original number. In symbols, 

{gf)(x) « g(f(x)) - g(x + 3) - (x + 3) - 3 = X. 

Similarly, 

(fgKx) - f(g(x)) - f(x - 3) - (x - 3) ^ 3 - X. 

As a slightly more complicated example we may take 

f: X'-*2x - 3 and g: x — 

Here f says, "Take a number, double it, and then subtract 3*" '-to reverse 
this, ve must add three and then divide by 2. This is the effect of the 
l\inction g. In synbols, 

(gf)(x) = g(f(x)) . g(2x - 3) = " = X. 

Similarly, 

(f6)(x) = f(g(x)) ~ f(^4-^) = 2^4"^ - 3 = X. 

In terms of our representation of a l\inction as a machine, the g machine 
in each of thece examples is equivalent to the f machine running backvards; 
each machine then uiidocij what the other does, and if ve hook up the tvo ma- 
chines in tandem, every element that gets through both vill come out Just the 
same at it originally vent in. 

We nov generalize tiiese two examples in the folloving definition of 
inverse l\uietlons. 

Definition 6. Ir f and e functions ::o related that (fg)(x) = x 

for every element x in the domain of g and (gf)(y) - y for every element 
y in the dL^in of f , then f and g are said to be inverses of each other* 
In this case Loth f and g are said to have on inverse > and eaeh is said to 
be an inverse of the other. 

A£ a l\irther example of the concept of Inverse l\inctions let ur, examine 
the nmctions f: x tuid x ^Vx, In this case 

(fg)(x) ^ f(g(x)) ^ f(^vG^) ^- (^V7)^ = X 

(gr)(x) - g(f(x)) ^ g(x^) ^ =^ x 

for all X c 

If a nmction r takes x itito y, that is, if y - f(x), then an 
inverse ^ of f must take y right back into x, that is, x g(y). If 
ve make a picture of a IXinrtion as a mapping, with an arrow extending', from 



Mcb eleaent of the domain to its imge, &s in Figure xSa^ then to drav & 
picture of the inverse function ve need mereli'- reverse the arrows, as in Hgure 
l8b. 




A B 



Figure l8a. A function. Figure l8b. Its inverse. 

We can take anj' niappingj reverse the arrovs in this way, and get a 
mapping. The important question for us, at this point, is this: If the 
origir;al mapping is a l\inction, vill the reverse mapping necessarily be a 
function also? In other vords, given a function, does there exist another 
function that precisely reverses the effect of the given function? We shall 
see that tids is not always the case. 

The definition of a function (Definition l) requires that to each elejnent 
of the domain there corresponds exactly one element of the rangei it is per- 
fectly all right for several elements of the domain to be mapped onto the same 
element of the range (the constant function, for example, maps every element 
of its domain into one element), but if even one element of the domain is 
mapped into more than one element of the range, then the mapping just isn't a 
function. In terms of a picture of a function as a mapping (such as Figures 1 

3)1 this means that no two arrows may start from the same point , though any 
number of them may end at the same point* But if tvo or more arrovs go to one 
point, as in Figure 19a, and if ve then reverse the arrovs, as in Fi^-ure 19b, 
we vill have tvo or more arrovs starting from that point (ac in Plgure 2), and 
the resulting mapping is not a function* Since the vord ^'inverse^' is used to 
describe only a mapping which is a function 5 ve can conclude that not every 
function has an inverse. A specific example is furnished by the constant 
function r: Sf since f(o) = 3 and f(l) = 3, and inverse of f would 

have to map 3 onto both 0 and 1. By definition, no l\inctIon can do this. 





PUEure 19a. Slfiure 19b. 



The preceding arguoeDt abovs ua what kinds of functions do have 
InverBes. cami>arin6 the situation in Figures l8a and iSb vith the sitxiation 
in Figures 19a and 19b, ve can see that a function has an inverse if and only 
if DO tvo arrovs go to the sajae point. In more precise language, a function f 
has an inverse if and only if ?^ implies f(x^) / f(xg). A function of 
this sort is often called a "one-to-one" function. A forsaal proof of this 
theorem will be found in the next section. 

Exercises J 

1. Find an inverse of each of the following functions: 

(a) x-^x-7J (b) x-^5x + 9i (c) x-*i. 

X 

2. Solve each of the foUoving equations for x in terms of y and cc^spare 
your tosvers vith those of Exercise 1: 

(a) y « x . 7; (b) y « 5x + 9; (c) y.*^. 

3» Justify the following in terms of composite functions and inverse func- 
tions: Ask sOTieone to choose a number, but not to tell you vhat it is. 
"Ask the person vho has chosen the number to perform in succession the 
following operations, (i) To multiply the niimber by 5. (ii) To add 
6 to the product, (iii) To multiply the sum by k. (iv) To add 9 to 
the product, (v) To multiply the sum by 5. Ask to be told the result 
of the last operation. If from this product 1^ is subtracted^ and then 
the difference is divided by 100, the quotient will he the nvmiber thought 
of originally." (W. W. Rouse Ball) 
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S. One*_to « Qne Functions , 

Defliiition 8 leaves unanswered one iicportant question: Can a function 
have more than one inverse? That is, if f and g «^ inverses of each 
other, does there exist a function h ^ g such that f and h are also 
inverses of each other? As you might suspect, the answer is no, but ve shall 
not prove it here. Consider, however, a picture of a i\inction as a laapping, 
with arrows going (as in Figure l8a) Tram points representing elements of the 
domain to points representing elements of the range. To represent the Inverse 
function^ we merely inverse the direction of each arrow, as in Figure l8b. It 
seems intuitively clear that there is only one way to do this, 

de fact that a function can have at most one inverse justifies our use 
of a distinctive notation for functions which are inverses of each other. If 
f and g are such functions, then we can say that g is the inverse of f 
and write g - f""^. We read f'^ as "f inverse'^ Similarly we can write 
f » g"^. OJius, (f"^)'^ - f. 

Warning . Although the notation f""'' is strongly suggestive of "l divi- 
ded by f'% it has nothing whatever to do with division. All it means is that 

(ff'^)(x) = X and (f'^f)(y) = y. 

We now prove the basic theoi^s which relate to the existence of Inverses • 
Theorem ^. If a function f has an inverse, then f(x^) ^ ^^^g^ when- 
ever and %^ are two distinct elements of the domain of f . 

Proof . We shall prove this theorem by assuming the contrary and then 
deriving a contradiction. Hence we assume that '^i^i) ^(x^). From this we 
see that f"^(f(x^)j - r^{r{x^)j. Now, f^^f(x^) - x^ and rtCx^) - x^, 
so it follows that ^ x^* But the elements and x^ are supposed to 

be distinct (i.e., x^ ^ x^). O^is contradiction proves the theorem. 

A vivid expression is used to describe functions f for which 
f(x^) ^ f{x^) whenever x^ ^ x^. This is the expression "one-to-one". If a 
function has an inverse, then by Theorem 3 it is one-to-one. Note that in this 

case the equation f(x- ) ^- f(x^) implies that x, x^. 

1 c 12 

We point out that the idea of a one-to-one function is fundamental to the 
process of counting a collection of objects. When we count a set of things ve 
associate the number i with one of the things, the number 2 with another, 
and so on, until all the objects have been paired off with whole numbers. We 
do not give the same number to two different objects in the collection. In 
short, this "counting" function is one-to-one. As another example, suppose 
that there are 300 seats in a theater, and suppose that each seat is occupied 
by one and only one patron. Then, without counting the people , we can conclude 
that there must be 300 people sitting in these seats. These two examples 
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dea^. vitli finite sets. On the other hajod, the idea of a one-to-one function is 
fruitful even when the sets involved are not finite. Indeed, most of the 
applications deal vith sets of this kind. 

!fov that ve kn^v that every function \Aich has an inverse is one-to-one, 
it is natural to ask if the converse is true. Does everj^ one-to-one function 
have an inverse? You might guess that the answer is yes. I^is is the content 
of Theorem 4. 

Pieor^ If f is a l\inction vAich is one-to-one, then f has an 
inverse . 

Proof . Using the hypothesis tliat f is one-to-one, ve shall construct a 
function which will turn out to be f"''". Given an element y of the range of 
f, then, since f is one-to-one, there exists one and only one element x in 
the domain of f such that y » f(x). Ifow, associate the element x i^ith the 
element y. Tills association defines a function g: y-^ x. Ihe domain of g 
is the range of f and the range of g is the domain of f. Finally, since 

(fg)(y) - f(x) = y 

and 

(gf)(x) g(y) « X, 
we see that f and g are inverses of each other. Therefore f has em 
inverse and f ^ = g. 

Definition 2' ^ i\inction f is said to he strictly increasing if its 
graph is everywhere rising toward the right; if, that is, for any two elements 
x^ and of the domain of f, x^ < X2 implies f(x^) < fCx^)* 

An important corollary of Iheorem h concerns strictly increasing functions. 

Corollary . A function i ^ich is strictly increasing has an inverse. 

Proof . If and x^ are any two elements of the doiaain of f, then 

either < x^, in which case f{x^) < fCx^) hy hypothesis, or x^ < x^, in 
which case f(x2) < f(x^). In either case, f(x^) ^ f(x<^). Kence f is one- 
to-one and therefore has an inverse hy Tneorem 4. 

A similar result holds for strictly decreasing functions; see Exercise 5» 

Theorems 3 and h provide an answer to our first question, which was: 
Under what circumstances docs' a function have an inverse? We sumaiarize this 
answer in Theorem 5- 

Tl;eorem A l\inction has an inverse if and only if it is one-to-one. 

As we might reasonably expect, there exists a rather simple relationship 
between the graph of a Inunction f and the graph of its inverse f"^. If, 
for example, r and d are n.^al numbers such that r ^ f(n), then r(s,r) 
is, by definition, a point of the graph of f. But if r ^ f(s), then 
s » f" (r), and it follows, again by definition, that Q(r,G) is a point of 
the graph of f Since this argument is quite general, we can conclude that, 




for each point Hb,v) of the gr^ of f, there is & point Q(r,s) of the 
grMi of f' , AXKl conversely; either ^retph can be changed into the other by 
merely interchanging the first and second coordinates of each point. To pic- 
t\ire the relative positions of P and ve shoiad plot a fev points and 
contecplate the results ♦ (See Figure 20, in v^iich corresponding points of 
each pair P(s,r)j <i{r,u) have been joined together,) 




Wgure 20. 

The presence of the line L » {(x,y): y » x} illustrates a striking 
fact: With respect to the line corresponding points are mirror images of 
each other 1 Thus ve see that the graph of the inverse of a function f is 
the linage of the graph of f in a mirror placed on its edge, perpendicular to 
the page, along the line L. This fact suggests the folloving (messy) way to 
obtain the graph of f'*^ from that of f . ?ferely trace the graph of f in 
ink that dries very slovXy^ and then fold the paper carefully along the line 
L. The vet ink will then trace the graph of f"*^ automatically. (See Figure 
21.) 



EMC 



33 

3.9 



Figure 21. 



Exercises S 

1. Find the inverse of each of the following functions: • 
(a) x^kx-^i (I)) x-^^+S; (c) x-^x^^2. 

2* Solve each of the foUoving equations for x in tenos of y and com- 
pare your answers with those of Exercise 1; 

(a) y « - 5* (t) y « ^ 8; (c) y » x^ - 2. 

3» Justify the following in terms of ccanposite functions, inverse functions, 
and functions vhich associate integers with ordered pairs of digits. "A 
coagnon ccnjiuring trick is to ask a "boy among the audience to throv tvo 
dice, or to select at random from a box a domino on each half of vhich is 
a number. The toy is then told to recollect the tvo numhers thus obtained, 
to choose either of them, to multiply it by 5, to add 7 to the result, 
to double this result, and lastly to add to this the other number. 'Frm 
the numher thus obtained, the conjurer subtracts 1^, and obtains a nuaber 
of tvo digits which the two numbers chosen originallj%** (W. W. Rouse 
Ball) 

We knov that each line parallel to the y-axis meets the graph of a func- 
tion in at most one point. For what kind of function does each line 
parallel to the x-axis meet the graph in at most one point? 



ERIC 



3^ 

in 



5 . A function f in nmld to be strietl^ dec: nosing if ^ for any tvo elements 
and Xg of its doznain, < Xg iinpliep f(x^) < f(xg). Prove that 
every strictly decreasing function has an inverse* 

6* (a) Sketch a grai^ of f: x-*x^^ x € R. Sbov that f does not have 
an inverse. 

(b) Sketch graphs of f^i x^x , x > 0 and f^: x^ x% x < 0, and 
determine the inverses of f^ and f^. 

(c) What relationship exists aaiox3g the domains of f, f^, and f^? (f^ 
is called the restriction of f to the domain {x: x > 0}, and fg 
is similarly the restriction of f tc the domain (x: x < 0}.) 

7- (a) Sketch a graph of f: x A - x^ and shov that f does not have 
an inverse. 

(b) Divide the domain of f into tvo parts such that the restriction of 

f to either part has an inverse* 

8. Do Exercise 7 for f: x-^x^ - kx. 

9. Divide the domain of f: x-*x - 3x into three parts such that the 
restriction of f to each has an inverse. 



9« Functions as Sets of Ordered P^irs . 

Our first example of a function was " f ; x-^ 2x, x «= 1, 2, 3> ^- We 
have f(l) = 2, f(2) = h, f(3) = 6, and f(4) 8. It is often useful to 
indicate this correspondence betveen tlie elements of the domain of a function 
(here, {1, 2, 3, k]) and the elements of the range (here, {2, 6, 8)) by 
writing down the pairs (x,f(x)j . Thus in our example we have the set of pairs 

((1,2), (2,U), (3,6), {k,B)). 
Clearly the order is important in these pairsj (2,l) is not a proper pair 
for our function f although (l,2) is. We call pairs of numbers (a,b/ in 
which the order of the elements is to he considered, ordered pairs ^ and con- 
trast them with sets where, for example, {a,b} = (b,a} --order is not signif- 
icant. 

If our domain is not a finite set ve cannot, of course, list all of the 
ordered pairs associated with the function but we can use our set-builder nota- 
tion to indicate s^bolically all such pairs. Thus if we have f: x-* 2x 
where the domain of f is the set of ail real numbers, we may write for the 
associated set of ordered pairs 

{(x,2x): x £ R}. 
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Siinilarly, if we have f : x x"^ where the domain of f is the set of all 
integers^ the associated set of ordered pairs is 

{(x,x ): X an integer}. 

We see that to ever^ iXinction is associated a set of ordered pairs. Is 
it true that, coaverselyi a function laay he associated to every set of ordered 
pairs by defining f as f : first iiaeiiiber of ordered pair, second meraher of 
ordered pair? The example 

{(1,2), (1,3)3 

sliovs tJmt the ansver is "no" since ve would have 1-^2 and ai.-«. 3, 
contrary- to Definition 1 where we required that exactly one element of tne 
ran^e of a l\inction be associated with an element from the domain. 

If, however, ve consider only sets of ordered pairs in which any two pairs 
that have the same first element also have the sa^je second element, it is clear 
that we can so define a function corresponding to this set of ordered x>airs. 

{(1,5), (2,3), {1,5)3 

describes the function f with domain {1,2} and range {i?,3} where 1-^5 
and 3. (TJiere is, of cuurse^ no need to list (l,5) twice. We have 

{(1,5), (2,3), (1,5)} = 1(1,5), (2,3)3.) 

In fact, mathematicians somethiics define a Inunction as a set of ordered 
pairs in which whenever two pairi: have the same first element they alco have 
the ;;a:rie t;ocond element. Thus, for exajnple, instead of -kTlting f: x-*2x, 
X K they wi'ite 

f - {(x,2x): X c R}, 

We have Indicated tiiat it iv. easy to par,s from looking at a function ai: u 
correspondence or mapping to considering it as a certain kind of set of 
ordered pair-, and conversely. V/liieh approach ii^ used i^; simply a matter of 
convenience; we uce vliatever approach seems most useful fur our purposes: . 

f^om our discussion of inverBCs of functions in terms of one-to-one func- 
tions it is easy to see when a l\inction, as a set of ordered pairs, has an 
inverse; we siiuply requin that whenever two ordered pairs of our llinction have 
the stune second clement, they also have the same first element. lYiUS the 
f unct i on 

r - id, 3). 

has no inver£;e r.iticc and havt- tiie same jeeond element but 

different, rir^t oleraents. By 'Theorem 5, the same concluiuon vould he reached 
if ve rct/.arded f as the mapping 1 j and — i since wc would then have 



f(l) » 3 and f(2) « 3 but 1 / 2; i.e., the caypping is not one-to-one. 

If a function does have an inverse it is easy to obtain it in the ordered- 
peir approach; ve simply reverse the order in the pairs. I^us if 

f « {(1,5), (2,3)1 
ve have « 

f"^ - ((5,1), (3,2)}; 

if 

f = ((x, X € R3 

ve have , , 

f • {(-^Vxjx): X € K) 

or, letting y « SO that y3 ^ X, 

Exercises £ 

1. Write the following functions, defined as mappings, as sets of ordered 
I>airn : 

(a) f: x^3x - 1, X € {0, 2, 53; (c) f: x an integer; 

(b) f: x-^x"^, X £ R; (d) f: x-^x^ x £ R. 

2. Write the following functions, defined as sets of ordered pairs, as 
Clappings: 

(a) {(0,1), (2,3), (4,5)} ; 

(b) {(x,Vx): r. a positive real number} ; 

(c) {(x,-l): X € R} ; 

(d) {(0,-2), (-l,U), (5,15)} . 

3. Wiiich or the following sets of ordered pairs represent functions and 
vhich do not? 

(a) [(2,3), (5,1), (6,1), (3,2)]; 

(b) ((i,i^), (2,3), (3,2), (2,5)}; 

(c) 1(-1,1), (3,-2), (0,0)}; 

(d) ((-1,2)}. 

1^. Whi jh of the functions of Rrobleia 3 have inverses? For those that do, 
write the inverse as a set of ordered pairs* 

5. Do ac in Prohlem k for the functions of Prohlem 2* 




10. F^inmnry , 

ThiB chapter deals with functions in general and with the constant and 
linear functions in particular. 

A function is an association between the objects of one set, called the 
domain, and those of another set, called the range, such that exactly one 
element of the range is associated with each element of the dom a in, A function 
can be represented as a mapping from its domain onto its range. 

Tbe graph of a function is often an aid to understanding the function, A 
graph is the graph of a function if and only if no line parallel to the y-axis 
meets it in more than one point • 

A constant function is an asscciation of the form f: x-» c, for seme 
fixed real number c^ with the set of all real numbers as its domain • The 
graph of a constant function is a straight line parallel to the x-axis. 

A linear function is an association of the form f: x-^mx + b, m / 0. 
The domain and the range of a linear function are each the set of all real 
numbers. The graph of a linear function is a straight line not parallel to 
either axis, and, conversely, any such line is the graph of some linear func- 
tion. 

The slope of a line through P(x^,y^) and Q(x2,y2) is 




if X, ^ x.,. If x ^ x^, no slope is defined, and the line is parallel to the 
y-axis. Lines vith the sade slope are parallel, and parallel lines which have 
slopes have equal slopes. The slope of the graph of the linear function 
f: x-^mx b is the coefficient m; this number is also called the slope of 
the function. 

The absolute -value l\inction is conveniently defined as f: x— ^A^. The 
domain of this i'unction is the set of all real numbers and the range is the 
set of all non-negative real numbers. 

If f a:id g are t\inctions, then the composite function fg is 
fg: x-^f g(x) , vith domain all x in the domain of g such that g(x) is 
in the domain of f . 

Given a function f, if there exists a i\inction g such that (gf)(y) = y 
for ail y in the domain of f and (fg)(x) - x for all x in the doimin 
of g, then g is an inverse of f. Not all functions have inverses. A 
necessary and sufficient condition that a function have an inverse is that it 
be a one-to-une l\inction; i.e., a i\mction f such that f{x^) ^ f(x^) if 

A function may also be considered as a set of ordered pairs in which 11* 
tvo pairs have the same first element they also have the same second element. 
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Miscellaneous Exercises 

Dcacribe hov to obtain the composite, fs, of two functions f and g 
when the functions are considered as sets of ordered pairs. 

Which graphs represent functions? Which of these functions have inverses? 




Vrhat is the constant function vhose graph passes through (5^2)? 

¥oT vhat values of l>, and c vill f : x-^ ax^ ^ bx + c be a con- 
stant function? 

What is the constant function vhose graph passes through the intersection 
of I^: y = 3x - 2 and h^t 3y - + 5 = 0? 

At vhat point do L^: y = ax + 1^ and L^: y = 5x + b intersect? Do 
they always intersect? 

Write the linear functions f^ and f^ vhose graphs intersect the x-axis 
at P(-3^0) at angles of h^^ and -^^5^, respectively. 

If lOx + y - 7 0, vhat is the decrease in y as x increases from 
500 to 505? Wiat is the increase in x as y decre^.ses froiu -500 
to -5C5? 

Write the equation of the line through (0,0) vhich is parallel to the 
line through (2,3) and (-l^l). 
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10. Write the equation of the line which passes throiigh the intersection of 
L^: y » 6x + k and L^; y 5x k and has slope ^ . 

11. Write the equation of the line which is the locus of points equidistant 
from L^: 6x 3y - 7 ^ 0 and L^i y « -2x 3. 

12. Write tiie equation of the line through (8,2) idiich is pei'pendicular to 
(has a slope which is the negative reciprocal of the slope of) 

L^: ^ = X 3. 

13* In a manufacturing process, a certain machine requires 10 minutes^ to 
warm up and then produces y parts every t hours. If the machine has 
produced 20 parts after running ^ hour and 95 parts after running 
l-f hours, find a function f such that y f(t), and give the domain 

4 

Of f. 

Ih. Ir AiiCD is a parallelogram with vertices at A(0,0), B(8,o), C(l2,7), 
and D(U,7), find 

(a) the equation of the diagonal AC; 
(h) the equation of the diagonal BD; 
(c) the point of intersection of the diagonals. 

15 • Repeat Fl'oblem 1^^, using parallelograjn AECD with vertices at A(0,0), 
B(x^,0), Cix^.y,^), and D( - x^, y^). 

16. Given tne constant functions f: x-^a, g: x^b, and h: x-*c, 
determine the compound functioui^ f(gh) and r(hg). Does thiii rei^ult 
indicate that gh - hg? 

17. Plnd an inverse of the linear function f: x — ► mx l. 

18. Find a IXmction f such that ff ^ f . 
19 • Gketch a ^jraph of: 

(a) r(x)':.M; 

X 

(b) |x| + iyi - i; 

( c ) y 1 X - 1 i - I X + 1 i . 

20. If r(x) = L'^x - and g(x) = ix + K, dctcmino k so tliat t'c, '= cA' - 



21. Ir r(x) -■ x*" and g(x) = A6 - x' , find the dojuainii of I'g arid i^l' . 
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Modem Mathematics , Chicago: &:ott, Foresman and Co., 
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Kose, J. H. 

Algebra . Hew York: John Wiley and Sons, 11^63. 

Ciiapters 1-J. Chapter 1 is on sets. Cliapter 2 
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